We study the dynamics of particles coupled to gravity in (2 + 1) dimensions. Using the ADM formalism, we derive the general Hamiltonian for an N -body system and analyze the dynamics of a two-particle system. Nonlinear terms are found up to second order in κ in the general case, and to every order in the quasi-static limit.
coupling. Our derivation will follow the general ideas from the original ADM article [29] . In this formalism, the metric is defined as
where N0 = −g 00 − 1
2 and Ni = g0i are the lapse function and shift covector. We also define the extrinsic curvature Kij = (2N0) −1 N i|j + N j|i − gij,0 and the canonical momentum conjugate to the metric:
, where the vertical bar denotes a covariant derivative with respect to the induced metric gij . Using the Gauss-Codazzi equations, we can perform a 2 + 1 decomposition of the Einstein-Hilbert action by writing 3 R as a combination of 2 R ≡ R and extrinsic curvatures:
where
(gR + π 2 − πij π ij ) and R i = 2π ij |j , and where in the last step we discarded total divergences. We now calculate the Lagrangian corresponding to matter-gravity coupling, which will give us the second half of the action. We consider the Lagrangian which minimally couples N particles to gravity:
We can rewrite this Lagrangian in a more convenient form by introducing the canonical momentum paµ =
conjugate to zaµ as well as Lagrange multipliers λa which ensure p
where λa = λ ′ a dsa dz 0 a (because of the δ-function integration) and ra = x − za, and where in the last step we used
(1) as well as the solution to the constraint p
Combining this with our previous result for the Einstein-Hilbert action, we write the total action I = IE + LM as
where [4, 29] 
must both vanish following variations of N0 and Ni. These constraints (7) have a very natural physical interpretation. The latter of these is a momentum-balance constraint, indicating that in this (2+1)-dimensional self-gravitating system the particle momenta must be cancelled by the momentum of the gravitational field. The former is an energy-balance constraint, which basically indicates that the energy of the gravitational field (a combination of "potential energy" expressed as the curvature of the spacelike slice and "kinetic energy" consisting of the square of the gravitational momentum) must equal the relativistic energy of the particles.
We now consider rewriting this action by choosing convenient coordinate conditions. We define hij = gij − δij , where δij is the Kronecker delta, and use the orthogonal decomposition
where 1/∆ is the inverse of the flat-space Laplacian. Note that h T and hi can be found to be [29] h
With these new definitions in hand, we can write
where we discarded total derivatives in arriving at the last expression. Hence, the action (6), with constraints R = 0 and R i = 0 from (7), can be rewritten as
This action suggests that we should adopt the coordinate conditions
such that, defining the Hamiltonian density H =
−1 2κ
∆ log(1+h T ) and using x µ ,ν = δ µ ν , the action can be rewritten as
By imposing proper boundary conditions, we rewrite our coordinate conditions in a more convenient form:
where the second equation implies that hi − 1 2∆ ∂ih T = 0, which in turn means that hij = δij h T , and thus,
In the coordinate system defined by these coordinate conditions and defining φ ≡ log(1 + h T ), the constraint equations R 0 = 0 and R i = 0 lead to
where the Hamiltonian is given by H = − 1 2κ d 2 x∆φ and where p 2 ≡ p 2 is the square of the norm of the vector p. The solution satisfying the condition π ii = 0 is
where D ijk (pa) = paiδ jk + pajδ ik − p ak δij . Thus, Equation (16) can be rewritten as
We can then determine the Hamiltonian for a system of particles, which can be written down in the general form:
where φ is obtained by solving (19) . As will be exemplified in the following section, this Hamiltonian can be solved perturbatively in κ.
, it is clear that the first term of on the right-hand side of (19) only depends on φ (1) , . . . , φ (i−1) while the second depends only on φ (1) , . . . , φ (i−2) . Thus, we inductively solve for each term in the power series for φ by calculating ∆φ (i) from the known φ (1) , . . . , φ (i−1) , and solving it for φ (i) before moving onto the (i + 1) term. Provided that we can solve these ∆φ differential equations, this method allows us to solve for the Hamiltonian up to any order in κ.
Two-Particle System
To deal with the particles' divergent self-energies, which tend to be common in this sort of calculation, we introduce a renormalization scheme similar to that used in quantum field theory, consisting of introducing an energy scale to our measurement of distances. We first introduce the density of particle i to be
where a is an intrinsic length scale depending on the particle's energy, and where we will be taking the limit as a goes to zero. Notice that for any value of a, U ndV = 1 and n(r) goes to a δ function as a becomes small. Moreover, the equation ∆gi = ni(r) has the solution (up to a term with vanishing Laplacian)
as opposed to simply g ∝ log(r) were we to use the δ function. Then, the self-energy of a particle will be log(1) = 0. a is to be thought of as the gravitational length scale of the interaction, which we assume to be on the order of the Planck length. Since a is dimensionful, we can take the limit of it being a very small quantity, while at the same time choosing units such that a = 1. Then, for a non-zero r, log(1 + r/a) = log(1 + r) ≈ log(r). We will consider a system of two particles of masses m1 and m2, in the centre of inertia frame where p1 = −p2 = p, using the notation Ea ≡ m 2 a + p 2 a with, again, p 2 a ≡ pa 2 . We also use shorthand notation ri = |x − zi| and r = |z1 − z2|.
We first note that, in this frame,
such that the Hamiltonian (20) will have the form
We will be using a perturbative approach to third order in κ, and therefore calculate:
Note that in the limit κ → 0, we wish to retrieve H = a m 2 a + p 2 a , and therefore require φ to be of order at least κ. The contribution to the Hamiltonian will be separately calculated for each order in κ. We find:
where we used the solutions
The Hamiltonian H = −1 2 d 2 x∆φ can now be found as an expansion in κ:
where we used equations (39) and (40) and took the limit h(r) → log(r). In the case of equal masses, E1 = E2, our Hamiltonian is greatly simplified:
Simplifying further, the massless approximation gives:
which we notice as being the second-order expansion of
p log r where W is the Lambert W function. Note that the Hamiltonian in 1+1-dim dilaton gravity was also expressed in terms of the W function [18] .
Exact Quasi-Static Approximation
We can also use this formalism to describe exactly the Hamiltonian dynamics of a system in the quasi-static limit. In the following, we will therefore retain all orders in the coupling constant κ and only the lowest (linear) order in p 2 . A. Bellini et. al. treated the geodesic equations in this approximation [25] . For simplicity we shall consider only the equal-mass case. To simplify the notation, we will, in contrast to the previous section, return to a δ mass distribution and a log(r) potential. We will explicitly keep the divergent terms log r11 and log r22, where rii = |xi − xi|, to display their cancellation at every order in κ. From (20) the Hamiltonian in this approximation is given by 
where φs = − κ π a log ra is a static solution to (19) and where m1 = m2 = m and p 1 = −p 2 = p. The integral of the 3rd term on the right hand side of (31) is 
The first term in the preceding expression cancels the second (divergent) term in eq. (31). Using the integration formula
we can rewrite the Hamiltonian (31) as
which indeed agrees with equation (29) in the quasi-static limit. This Hamiltonian gives us the canonical equations of motionṙ
which lead to the equations of motion in the second order
This equation is identical with Eq.(4.7) in [25] :ηr = 4GM and M = 2m.
Conclusion
We have presented here the general expression (20) for the Hamiltonian describing N particles coupled to (2+1) dimensional gravity. Beginning with a derivation a general form for the action corresponding to N -body dynamics, we employed the ADM formalism and proper coordinate conditions to find this general Hamiltonian. Our results are complementary to those that employ topological methods [25, 26, 27] . Our result (20) has the advantage that it can be studied in a wide variety of physical regimes, including small and large mass, small and large momenta, and small and large gravitational coupling. We explicitly demonstrated this in two cases. First we obtained an expansion to second-order in the gravitational coupling constant κ for the two-particle system. Second we also considered a quasi-static, two-particle equal-mass system to every order in κ, in which case our results agree with those previously found in the literature [25, 26] .
A number of interesting problems remain for future consideration. An obvious thing to try is to incorporate additional couplings to electromagnetism and a cosmological constant. A study of the quantization of the Hamiltonian (20) should also afford interesting insight into the nature of (2+1) quantum gravity coupled to matter.
